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A1) Givin a non-empty set A, deine ite cpace of bowded Sinctis B(A) as
B =5 A /R| T s bowded : IM >0 such thot WxeA, [F01¢M}
as A yeal vector Space nder Poih‘twiso addition ond scalar multiplication.
Defive the sup norm [llloo: BRI =R s (IHllo = 50p {15001},

Show that  (B(A), ) s a hovmed Space .
Sol) Tdea: Prove by the defnition of nomud space.
Recall the vector spre ctwetue  of B3 (A) | where

.« pointwise addition: 7 F, 9 € B(A), defire $+3: A= R as Fro)ro=TFrorges,
. scaloy multiplication:Vde RV F ¢ B(A), define o F: A= R s (dFymo=oiFro,
Note that if M.N>0 cotisty VxeA, [Fool<M od 9001<N, then
) VxeA, [Fpm| = [frorgm) < \Fwl+lge) <M+N = Frg e B(A)
(DY x €A, @il = |dlfe) = 1allFuol < Ja|M = dF e BA).

A\QO‘ (Je'f'me Constuit 200 Snction "_S:O: A—>/R o £00=0

%—efcai L@(A\)ﬁ,'j s a Y'CM‘ vector spuce with X, as the zew vector



Showfv:j (B(A) 1) e o Novmed Spaee :

¥ FEBA) . [1$ll= R0l exists by canplotonsn of JR.

(NDY $e®A), VxeA, Fiso. o WfL>0

Aso. IFlle=0 & VxechA, Fol=0 & $=%,

(N2) V¥ $e®A), Ve R . Showing  [[dfll= 116, ¢

[<] Note thet YxeA 1Sl . By @ . NSl gl

[21 VxeA, Wil = |alfe) = |dHrwlc ldfi, o LTI LS.
(N3) ¥ £,9 EBIA). Showing [[F+3l.. < [Fla i, -

Note that VxeA, \Fool¢ WFlly: 1900 < lglly, . By (D, [IF+91]_<lFNat g,
Ruk - This is o prototypical esomple of “Fonction spuces with sip rorm
indveiny the Following exomples as nommed spaces °

D Glrowbl) |, the spoce of contirvous Fumctions on Lo b].

@) B0, the spoce of bomded continvoss Sinctions on o wetric space (X.d),

@ ﬂ_w:[BUN))‘Hw Spuce of bowded Sequences oP reul num")vrs,



. X
, dezp "d\(z;;x)
Q 2—5 Gl Vem. o V/\-b-bfllc gPau. (X/ ‘J) le * CLO&WL Pol.n‘t P E X , P ) &

For each x € X, define Tx: X = R as F,(@= dlz,0)-dzp),
(@) Show thit T is bounded and Lipschita continuous
(b) Defe B (XD~ (B, d) as Fro=T,.
Show thit & Is o fsomabic embodiay °
Ve € X, dul@w, 203) = 15-5d= dixx)
(€) Homee  show that & - ijective owd Cowtinveus.
Col) Tdeo = Agply the triogle inequalities 0F (R.11) md [ %,o)) repeatedly
() © Bounded « V2 € X, [Fi>| = |dizw-dzpl<dip.

@ L'IPsc\rLi‘f:Z CDth'VluL‘Ju& 7 L>o such ‘L’lqm‘; VZ,Z/G X , \-ﬁc(z) - fx(zl)\ <L (“52,2').

Note thoet |5 = 52| =|[de0- dep)- (d(z’/x)-dczc,a))l

Clden- dg'ool+|di.p-dep| <diz.z)+diz.z)=2dEz2) 0 Cne L=2,



(B} Vxox e X, showing 1575 doeaod
<7 V2 6 X, 15 - 5.6 = |dzn-dep) - [deo-dep))
= [dezs ~dizsl < dlxsy. -~ N -T,llw < d ().
020 - fll, > $0 - £,60) = diwx)- A= dix).
Nence , & Is o tsomebine emboddiag
() Showing 2= is injective © I 3. e X s tet T, =,
tho dexy= 1E-Fol=0 = x=x' Humee 2 is Iwjective.
S\flow\:\j F s continvoss : VxeX V€50, chore S=€>0,

then Y x e X with (J(x,x')<8} “"&'\x"ﬁ('“%: dix.x)<8=¢ .

=] Is C)On'l‘,inuous_

Ruk -Q2b.c fmply X s Isometric igow.orrhich to BIX)E (cb(x))“."u\'
chb. evw\/ metric Spo.ce s o wetric CuLsPace of o cortain Turction space.
« This vaidos o alternitive Way to constwet o rer)mPle'tiovxw of X

ae F00 C CUX), the cliswe o BX) 0 LX)



